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The question of which finite groups can or do occur as the Galois group 
of a Galois extension of the rational numbers is one which has been studied 
since early in the twentieth century. It is conjectured that all finite groups 
do occur as Galois groups over the rationals: this is known to be true for 
all solvable groups. (See Jacobson [73 for brief historical notes.) In a 
breakthrough paper Thompson [9] has defined the new concept of rigidity 
of a finite group. He then proves that if a group G, with trivial centre, is 
rigid then an associated group G* is a Galois group over the rationals. 
In this paper it is shown that 14 of the 26 sporadic simple groups are 
Galois groups over the rationals. The method used involves the complex 
character table and knowledge of maximal subgroups of the group. In 
some cases where the maximal subgroups are not known the classification 
of finite simple groups is used. Section 1 contains the results, Section 2 
describes the notation used and Section 3 details the proof for each of the 
14 groups separately. 
1. DEFINITIONS AND RESULTS 
Let G be a finite group and C,, Cz,..., C,, k >/ 3, an ordered set of con- 
jww classes of G. Then A=A(C I,“., C,)= ((x, ,..*, Xk) / X,E 
ci, xl . . . xk = 11. Let C be a conjugacy class in G and x E C. C is rational if 
x” E C for all n coprime to the order of X. 
DEFINITION. (A) A is rigid if and only if 
(I ) A is non-empty. 
(2) G permutes A transitively by conjugation. 
(3) For each (n,,..., xk) E A, G = (x1, x2 ,..., xk). 
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(B) G is rigid if G contains conjugacy classes C,, Cz,..., Ck with 
NC, ,..., C,) rigid. 
(C) G is rationally rigid if G is rigid with respect to rational con- 
jugacy classes Ci, C2 ,..., Ck. 
Let G have trivial centre and let k ,< 6. 
THEOREM A. If G is rationally rigid then G is the Galois group of a finite 
normal extension of the rationals over the rationals. 
This theorem is the principal special case of Thomson’s main theorem 
[9]. In general the theorem constructs a larger group G* which depends 
upon how irrational the conjugacy classes C,,..., Ck are and the action of 
the outer automorphisms of G on the conjugacy classes C,,..., Ck. 
The proof of Thompson’s theorem involves delicate function theoretic 
arguments as well as properties of a very carefully chosen discrete subgroup 
of PSL,( W). 
In this paper the following results are proved: 
THEOREM B. M,,: 2, M,,: 2, J,: 2, HS: 2, SUZ: 2, CO,, CO,, Fi,,, F,, 
Fi23, Co,, Fi& : 2, F2 = BM, and F, = M are rationally rigid (with k = 3 in 
each case). 
COROLLARY. M,,, M,,, J,, Hs, Suz, Co,, Co2, Fi,,, F,, Fi,,, Co,, 
FL, F2, and F, are all Galois groups over the rationals. 
The corollary follows directly from Theorems A and B in eight cases. In 
the other six cases an observation of J. P. Serre (see Thompson [lo]), 
yields the corollary. The argument is that rational rigidity of G.2 with 
k = 3, not only implies that G.2 is a Galois group over the rationals but 
also that G is a Galois group over the rationals! 
Notes 
(1) IA(C1, CT,..., C,)l =~~=z(xl):j;;!:;l(l*) 
where a, = IC,(x,)l, X~E Ci and the summation is over all irreducible (com- 
plex) characters of G. (This follows by applying the central character of the 
group algebra to the equation expressing the product of the relevant con- 
jugacy class sums in the centre of the group algebra and then taking the 
inner product with the first column of the character table of G.) 
(2) If Z(G) = 1 then G is rigid with respect to A if and only if 
IAl = IGI and G= (x,,x* ,..., xk I xi~Ci, x,“‘x~= 1). (If G permutes A 
transitively then [Cl/IA/ = /C&x1,.... xk)l = IZ(G)l = 1, and IGI = IAl.) 
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(3) In all known cases of rigidity k = 3. 
(4) Let us describe as a candidate a triple of rational conjugacy 
classes C,, Cz, C3 with IA(CI, Cz, C,)l = IGI. It follows from note 2 that 
to prove rigidity for G, with Z(G) = 1, it suffices to show that 
G= (x,, x2, xj 1 xie Ci, x1x2xJ = 1) for some candidate triple. By note 1, 
candidate triples can be detected by a calculation involving the complex 
character table of G. In practice, all or many, triples of rational conjugacy 
classes were checked by computer to detect candidates. 
(5) Suppose G is a group with outer automorphisms and C,, Cz, C3 
are conjugacy classes in G fixed by some outer automorphism IX. Then even 
if IA(CI, Cz, C,)( = JGI then G cannot be rigid with respect o C,, Cz, C3 
since {x, y, z} E A implies (x’, y”, z”} E A and as G is transitive on A, 
(x, y z) is centralized by an outer automorphism and thus is not G. Hence 
to be a useful candidate each outer automorphism of G must move at least 
one of C,, C,, and C,. 
(6) As an example S,, the symmetric group on n symbols, is 
rationally rigid. Hence S, is Galois over the rationals, as is A,,, by Serre’s 
argument. 
For let C1, C,, C, be the conjugacy classes of S, containing x = (12), 
y= (123 . ..n) and z=(nn-1 . . .4 3 1 ), respectively. The only irreducible 
characters of S, which are nonzero for both y and z are the two linear 
characters of S,, hence IA(C,, C,, C,)l =(~~!)~(f.l.l/l + -1.1.-1/1)/O 
where D=(n!.2/n(n- l)).n.n- 1. That is IA(CI, C2, C,)l = IS,I. Clearly 
S, = (x, y, z ) and xyz = 1. Hence S, is rationally rigid. (Alternatively the 
size of A(C1, Cz, C,) may be directly counted, without using character 
values). 
LEMMA 1. Suppose G = (x, y, z 1 xa = yb = z(’ = xyz = 1 ), where a, b, c 
are relatively prime, then G = [G, G] = ( x)~. 
ProojI In G/[G, G], o(X) divides a and bc, hence X and similarly j and 
Z are trivial. Let H= (x)~, and let jj, z be the images of y, z in G/H. Then 
yb=ZC=yZ= 1, giving H=G. 
The work in this paper was done during 1983 and the author would like 
to thank the Mathematics Departments in Cambridge, England, and 
Aachen, West Germany for their hospitality during this period. In par- 
ticular, this work would have difficult to complete without access to the 
ATLAS [3] prior to its publication. 
2. NOTATION 
The names used for the fourteen sporadic groups listed in Theorem B, 
and for other sporadic groups, are as in Collins [ 1, p. 221. 
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An attempt has been made to make the remaining notation consistant 
with that used in the ATLAS [3]. S,, A,, denote the symmetric and alter- 
nating grow of degree n. L(q), u,(q), UqL 02,+,(q), O&(q), o,(q) 
denote the simple linear, unitary, symplectic, orthogonal of odd dimension, 
orthogonal of even dimensions of maximal Witt index n and orthogonal of 
even dimensions of Witt index n - 1, respectively. Hence, for example, 
L(q) = PW4 4). PGL,(q) denotes G/Z(G) with G = GL(n, q). 
A&, = L,(4) is of index 22 in 1%4~~. MI0 = A,‘2 is of index i 1 in M,, and of 
index 2 in Aut(A,). D, denotes the dihedral group of order n. G,(q) is the 
Chevalley group corresponding to the exceptional Lie Algebra G2 and 
*F4(2)’ is the Tits g roup, the derived group of a twisted Chevalley group of 
type K. 
A. B denotes an arbitrary extension of the group A by the group B, 
whereas A: B and A’B denote split and nonsplit extensions, respectively. 
The symbol p” denotes the elementary Abelian group of that order, while 
p t,+ 2n and P’._+~” denote the extra special groups of order p’ +2n, so that if p 
is odd p!+* 2n has exponent p, and if p = 2 then it is the central product of n 
copies of D,. Out(G) denotes Aut(G)/Inn(G). 
Candidate triples are listed as 3B, 24.37; 2C, 28.33.52.7; 28A, 2.7, where 
3B, 2C, and 28A are the conjugacy class names in the ATLAS and the 
numbers are the orders of the centrahzers of the elements in G not in G.2. 
The conjugacy classes of elements of a given order are arranged in decreas- 
ing order of their centralizer orders. 
The permutation character l.+.Sl,,+ *I. =1,+51,+51,+ *.*, where 
5 1 n is the first complex character of G of degree 5 1. 
An attempt has been to include sufficient information to enable to reader 
to check the results with the aid of the complex character tables of the 
given group and of some of its subgroups. 
3. PROOF OF THEOREM B 
3.1. Mlz, the ~~t~ieu Group on 12 Symbols, of Order 26.33.5.11. 
Since Aut (1%#r~)=M,~.2, by note 5 a candidate triple in M,z must con- 
tain class 4A or class 8A, the rational conjugacy classes moved by the outer 
automorphisms. This yields 7 candidate tripies: 2A, 3A, 8A; 2A, 3B, 8A; 
2A, 4A, 6A; 2E, 3A, 8A; 23, 4A, 10A; 3A, 33, 4A; and 3B, 4A, 4A. 
However, they all generate proper subgroups as can be seen from the 
character tables of the maximal subgroups of M,,. 
M12.2 contains 7 candidate triples 2A, 4C, 12A; 2B, 4C, 40; 2B, 4C, 6C; 
3A, 2C, 6C; 3A, 2C, 12A; 3B, 2C, 40; and llA, 2C, 2C. M,,.2 is rigid with 
respect o the triple 2A, 4C, 12A since no maximal subgroup of M,*. 2 con- 
tains representatives of both class 4C and class 12A. This is demonstrated 
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in Table I, the character table of Miz.2. The first row is the order of the 
centralizer of each element in M,,. The second row gives power maps, e.g., 
(6A)’ lies in 3B, (6A)3 lies in 2A. The third row is the name of the class. 
The next 15 rows give the values of the irreducible complex characters 
xl ,..., x15. The next 11 rows give the permutation characters II/ ,,..., $,I 
corresponding to the 11 conjugacy classes of maximal subgroups of 
Ml*: Ml1 (2 classes); M,,: 2 (2 classes); &(ll); 3*: 2’S4 (2 classes); 
2 x Sg; Ms.Sq; 22.23.S3 and A, x S3; see Conway [2]. The last 3 rows give 
the permutation characters $ 12, II/ i3, $ i4 corresponding to the 3 conjugacy 
classes of maximal subgroups of M,,: 2 which are not of the form H.2, 
with H maximal in M,,: L2( 11): 2; 3l+*: Ds and Sg. Such maximal sub- 
groups of G.n are called novelties by J. H. Conway. 
3.2. M2*, the Mathieu Group on 22 Symbols, of Order 27.32.5.7.11 
Aut(M,,) = M,,.2. Since no pair of rational conjugacy classes in M,, are 
interchanged by an outer automorphism, by Note 5, M,, contains no can- 
didate triples. However, M2,.2 contains 4 candidates: 
2A, 27.3; 40,2j; 12A, 2.3, 
3A, 2*.3*; 2B, 26.3.7; 8B, 23, 
llA, 11;2B,26.3.7;4C,24.3, 
llA, 11;2C,26.5;4C,24.3. 
The conjugacy classes of maximal subgroups of M,, and their indices are 
M,, =L,(4), 22; 24: Ag, 77; A,, 176 (2 classes); 24: Ss, 231; 23: L,(2), 330; 
M,,, 616; and L,(ll), 672; see Conway [a]. 
The only maximal subgroup of M,, with order divisible by 11 is L,( 11) 
and L2( 11): 2 is maximal in M,, .2. L2( 11): 2 contains only one outer class 
of involutions which’fuses to class 2C in M,,.2. Hence A( 11 A, 2B, 4C) is 
rigid in Mz2. 2, and M2*. 2 is rationally rigid. 
3.3. J,, the Hall-Janko Group of Order 27.33.52.7 
J2 contains no pairs of rational conjugacy classes fused in J,: 2. But a 
check of rational classes in J,: 2 leads to 16 candidate triple in J,: 2, 
2A, 27.3.5; 4B, 24. 3; 6C, 2.3 
2A, 27.3.5; 8B, 24. 3; 12C, 2.3 
2A, 27.3.5; 8C, 24; 12C, 2.3 
2A, 27.3.5; 8C, 24; 14A, 7 
2B, 24.3.5; 4B, 24.3; 8B, 24.3 
28, 24.3.5; 4B, 24.3; 8C, 24 
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3A, 23.33.5; 
3A, 23.33.5; 
3A, 23.33.5; 
3A, 23.33.5; 
3A, 23.33.5; 
3A, 23.33.5; 
3A, 23.33.5; 
4A: 3B 22 5.3; . 2’ ,
6B, 2=.3; 
4B, 24. 3; 
4B, 24. 3; 
4B, 24. 3; 
6C, 2.3; 
8B, 24.3; 
8B, 24. 3; 
8C, 2$ 
ZC, 24.3.7; 
ZC, 24.3.7; 
2C, 24.3.7; 
6C, 2.3 
12C, 2.3 
14A, 7 
8B, 24.3 
12B, 2.3 
12C, 2.3 
14A, 7 
48, 24.3 
12C, 2.3 
4B, 24. 3 
The maximal subgroups of J, were determined by Finkelstein and Rudvalis 
[S]. They are U,(3), 100; 3’PGL,(9), 280; 2\+4: A,, 315; 22i.4: (3 x S,), 
525; A, x A,, 840; A, x DlO, 1008; L,(2): 2, 1800; 5=: D12, 2016 and A,, 
10080. R. A. Wilson has shown that a maximal subgroup of J,.2 contains a 
maximal subgroup of J2 as a subgroup of index 2 or is J, itself. Hence 
K= (x, y, z 1 x E 3A, y E SC, z E 14A, xyz = 1) is either J2. 2 or a subgroup 
of either U3(3).2 or PGL,(7) x C2 r&(2): 2 x C2. However, U,(3).2 
contains no elements of order 14. If H= L,(2): 2 x C2 then H consists 
of 4 cosets of L3(2), namely, H, =L,(2), H, =L,(2): 2\1;,(2), 
H3 = L,(2) x C,\&(2) and H4. If K < H then clearly x E H,, and z E H, 
since L,(2): 2 contains no elements of order 14. Thus y E H,, but L,(2) 
contains no elements of order 8, hence K is not a subgroup of tj! Thus 
K = Jz. 2 and J2. 2 is rationally rigid. 
3.4. HS the Higman-Sims Group of Order 29.32.53.7. 11 
The only pair of rational conjugacy classes in HS fused in HS.2 are XB 
and 8C. This yields 2 candidate triples 3A, 23.32.5; 4A, 28.3.5; 8B, 24 and 
4A, 2*.3.5; 5A, 22.53; SB, 24. However, the relevant triples of elements 
generate proper subgroups. HS.2 contains 31 candidate triples including 
SC, iT2; 2C, 27.32.5.7; 3OA, 3.5. Let K=(x,y,z ( XE~C, y~2C, ZE~OA, 
xyz = 1). Now z* E 15A and z6 E 5B hence 5* divides lK[. The maximal 
subgroups of HS, with their indices, are M,,, 100; U,(5): 2, 174 (2 classes); 
L,(4): 2, 1100; S,, 1100; 24. S,, 3850; 43: L,(2), 4125; M,, , 5600 (2 classes); 
26.S,, 5775; 2 x A,‘2=, 15400; and 5: 4 x A,, 36960. These were determined 
by Magliveras [8]. Since 53 is the S-part of JHSI, KnHS < U,(5): 2 or 
6 5: 4 x A, or Kn HS = HS. However, U,(5) contains no elements of order 
15. Let L = 5: 4 x A,. L contains 5 conjugacy of elements of order 5 listed 
with the orders of their centralizers in L,: (5, l), 300; (1,5,), 100; (1, 5*), 
100; (5,5,), 25; and (5.5,), 25. The first class fuses to 5B in HS and the 
next 2 fuse to 5A in HS. Now (1 LfHS(5B) E 36960 E 0 (mod 5), hence the 
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remaining 2 conjugacy classes fuse to 5B in HS. Hence L contains no 
elements in 5C and thus Kn HS = HS and K= HS. 2 proving HS.2 is 
rationally rigid. 
3.5. Suz, the Suzuki Group sf Order 213.37.52.7.11.13. 
Suz contain no rational conjugacy classes interchanged by an outer 
automorphism. However, Suz.2 contains 57 candidate triples including 3B, 
24.37; 2C, 28.33.52.7; 28A, 2.7. The maximal subgroups of Suz, with their 
indices are, G,(4), 2.34.11; 3.U4(3):2, 25.5.11.13; U,(2), 23.32.5.7.13; 
21+ 6.u4(2), 33.5.7.11.13; 35:M,,, 
2% 3’A,, 34.5.7.11.13; (A 
29.5.7.13; J,:2, 2s.34.11.13; 
4xL3(4)):2, 24.34.5.11.13; 22+R:(AsxSs), 
35.5.7.1t.13; M,,:2, 26.34.5.7.13; 32+4:2(A4x22).2, 27.52.7.11.13; 
(A,xA,):2, 27.34.7.11.13; (3*:4xAJ2, 27.3’.5.7.11.13; L,(3):2, 
28.34.52.7.11 (2 classes); L,(25), 2’“.36.7.11 and A,, 2'".35.5.11.13; see 
Wilson [ 121. 
Let til= (x, y, z / XE 3B, YE 2C, ZE 28A, ,yyz= 1). 7 divides JH/ 
therefore Hn Suz is a subgroup of G,(4), 3’ U,(3): 2, J2: 2, (A4 x L,(4)): 2, 
A7 or H= Suz.2. z2 E 14A and A, and G,(4) contain no elements of order 
14. Also NS,,r.2(JZ: 2) = C, x J,: 2 (= CSuz,2(~)r x~2C) contains no 
elements of order 28. The permutation character of degree 22880 
corresponding to 3’ U,(3): 2 splits into irreducibles 1, + 364, + 
780, + 5940, + 15795, which shows that the maximal subgroup of Suz.2 
containing 3’ U4(3): 2 contains no element of order 28. Finally no elements 
of order 3 in A, x L,(4) fuse to 3B in Suz. This follows since the 3’s in the 
A, fuse to 3A in Suz, and, the 3’s in the L,(4) fuse to class 30 in 3. U,(4) 
and hence to 3C in Suz. The remaining 16 elements in the C, x C3 x C, 
must also fuse to 3C in Suz as may be seen by restricting the character 143, 
of Suz and taking the inner product with the trivial character of the 
c,xc,xc3. 
Thus we have eliminated all other cases and H= Suz.2 showing that 
Suz. 2 is rationally rigid. 
3.6. Co3, the Third Group of Conway, of Order 2’“.37.53.7. 11.23 
Co, has no outer automorphisms and there are 51 candidate triples 
including 2A, 210.34.5.7; 5B, 2’.3.5*;‘and 24A, 23.3 (where the character 
23, takes the values -2 on class 24A). The conjugacy classes of maximal 
subgroups of Co, and their indices were determined by L. Finkelstein [4] 
as McL:2, 22.3.23; HS, 2.3’.23; iJ4(3):22, 2.3.5*.11.23; M,,, 23.35.52; 
3':(2xM,,), 2'.5*.7.23; 2'S,(2), 33.52.11.23; U,(5).S,, 2s.34.11.23; 
3;+4.(2x2'S6), 24.52.7.11.23; 24’A,, 3’.5*.11.23; L(4): D,,? 
22.34.52.11.23; 2xM,,, 23.34.52.1.23; 22.[27.32].S3, 34.53.7.11.23; 
S,xL,(8):3, 26.33.53.11.23; A4xS5, 2s.35.52.7.11.23. HS, M,,, 24’A,, 
b(4): 012, 2xM,, and A, x Ss contain no elements of order 24. 
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3’: (2 x M,,) contains elements of order 24 but they lie in 24B (the per- 
mutation character of degree 128800 splits into 1, + 275, + 5544, + 
8855, + 23oo0, + 91125,). 
2’S,(2) and 3!++4.(2 x 2’S6) contain no elements from class 5B (in the 
latter case there are elements of order 30, hence the 5 is a 5A). The orders 
of [29.32].S, and S, x L,(8): 3 are not divisible by 5. 
Hence, if H= (x,y,x 1 xc2A, ~ESB, z E 24A, xyz = 1) then 
H< McL: 2, U,(5).S,, U,(3).2* or H = Co,. McL: 2 contains elements 
from 2A, 5B and 24A. However, the only 2A’s and 5B’s lie in McL, whereas 
the only 24A’s lie in McL: 2 \ McL. Hence H is not a subgroup of McL: 2. 
Similarly the only 2A’s and 5Bs in U,(5).S, lie in U,(5), whereas the 24A’s 
lie in U,(5).S,\ U,(5). 
Finally K= U4(3).2* contains 3 subgroups of index 2: K,, K,, K,, where 
K,/U4(3)eZ(Out(U4(3))) = Z(D,). Elements from 2A lie in U,(3) and in 
K,\ U,(3), elements from 5B lie in U,(3) and elements from 24A lie in 
K,\U,(3). (The permutation representations are 
[Co 3: u4(3).22] = 1, + 275,, + 5544, + 8855, + 23000,, 
[Co,: K,] = 1, + 23, + 253, + 275,, + 2024, + 4025, 
+ 5544,+8855,+23000,+31625,.. 
[Co,: K2] = 1 a + 253, + 275,,, + 5544,, 
+ 8855,+ 23000, + 31878,, 
[Co,: K,] = 1, + 23, + 253, + 275,, + 2024, + 4025, 
+ 5544, + 8855, + 23000, + 31625,). 
Hence H is not a subgroup of U4(3).22 and H = Co, and Co, is rationally 
rigid. 
3.7. CO,, the Second of Conwuy’s Groups, of Order 2”. 36. 53.7 11.23 
Co, has no outer automorphisms and there are at least 78 candidate 
triples including 2A, 218.34.5.7; 5A, 23.3.53; 28A, 22.7. 
The conjugacy classes of maxial subgroups and their indices have been 
determined by R. A. Wilson [ll]: U,(2): 2, 22.52.23; 2”: M,,: 2, 34.52.23; 
McL, 2”.23; 2:+*: S,(2), 32.52.11.23; HS: 2, 28.34.23; (2;+6 x 24).A8, 
2.34.52.11.23; U4(3).D8.28.52.11.23;24+‘o(S~xS~)r34.52.7.11.23;M23, 
2l’ 34 52; 3:+4.21+4.S,, 210.52.7.11.23; 5’++2:4S4, 213.35.7.11.23. . . 
As well the groups of order prime to 7, U,(2): 2, McL, HS: 2 and M,, 
contain no elements of order 28. M,, contains 5B elements not 5A, as does 
U,(3). Let G = Co, then 2 + l  *: S,(2) = C,(x), x E 2A. No 5A element cen- 
tralizes a 2A. Similarly, (2:+ 6 x 24): A8 = C,(w), WE 2B and the 28A class is 
481!99’2-21 
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self-centralizing with z14 E 2A, z E 28A, hence H = (x, y, z 1 x E 2A, y E 5A, 
z E 28A, xyz = 1) is not a subgroup of either C,(x) or C,(w) and H = Co, 
proving that Co, is rationally rigid. 
3.8. Fi,,, the Smallest of Fischer’s Groups, of’ Order 2 I’. 39. 52. 7.11.13 
[Aut(FiZ2): Fi,,] = 2 and the outer automorphisms of Fi,, interchange 
six pairs of conjugacy classes in Fi,, but only one pair of these consists of 
rational conjugacy classes, 12E and 12F. The group contains 5 candidate 
triples including 2A, 216.36.5.7.11; 12E, 24.32; 21A, 3.7. 
The following results form an almost complete classification of the 
maximal subgroups of Fi,, and their indices and are due to R. A. Wilson 
[14]: 
A maximal subgroup M of Fi,, is either 
(A) conjugate to: 
2’ u6(2) 
O,(3) (2 classes) 
O,+(2): s, 
21°: A4 
2? S,(Y) 
(2 x 2:+9: U,(2)): 2 
s, x U,(3): 2 
2F4(2)’ 
25+8: (S, x A6) 
31 f6. 23+4:32: 2 
+ 
S,, (2 classes) 
or 
(B) M’ZA6, L,(7), L,(13) or U,(3) and MdAut(M’). 
Let H= (x, y, z I x E 2A, y E 12E, z E 21A, xyz = 1). Apart from those 
maximal subgroups of order coprime to 7, H is not a subgroup of O,(3), 
2’u,@), 21°: kf2, Or 2? s&2) since these grOUpS COIdain n0 f?leInentS Of 
order 21. Hence H< S,o, O,+(2): S3, S, x U,(3): 2, Aut(U,(3)), Aut(L,(7)), 
Aut(L,(13)) or H= Fi,,. The character 78, of Fi,, restricts to S,, as 
36, + 42,, showing that the involutions in A,, fuse to 2B and 2C whereas 
the involutions in S,,\ A,, fuse to 2A and 2B. 78,(12B) = - 1 shows that 
no elements of order 12 in SIo\A,, fuse to 12E in Fi,,, hence H is not a 
subgroup of S,,. 
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The 21’s in O,+(2): S3 lie in O,+(2): 3\0,+(2) and the only 2A’s lie in 
O,+(2): 2\0,+(2) as may be seen by rest~cting 78, as 28, + 50,. However, 
the values of 78, restricted to the elements of order 12 in O,+(2): 2\0,$(2) 
are 3, - 3, 0, 0 and 1, where 78,( 12E) = - 1 hence H is not a subgroup of 
0$(2): s3. 
The subgroup S3 x U,(3): 2 is of index 1647360 and the permutation 
character decomposes as 1,+429,+3080,+13650,i-45045,f 
75075, + 150150, + 320320, + 360855, + 675675, and the value on 12E is 0. 
Hence H is not a subgroup of S3 x U,(3): 2. 
Finally Aut( U,(3)), Aut(L,(7)), and Aut(L,( 13)) contain no elements of 
order 2 I and thus H = Fi 22, proving FiZ2 to be rationally rigid. 
3.9. E=F,, T~~rn~so~~~ r ~~, ofOrder 215.3’0.53.72.13.19.3t 
E has no outer automorphisms and only 22 of its 40 conjugacy classes 
are rational. The group has only 13 candidate triples including 7 which 
correspond to dihedral subgroups and one to a class of A,%. However, 
rigidity can be proved using the triple 2A, 2’s.34.5.7; 3A, 26.37.7. 13; 19A, 
19. 
Let W= (x,y,z 1 XE~A, y~3A, ZE 19A, xyz= 1). By Lemma 1, since 
(2,3) = (2,19) = (3,19) = 1, H is perfect. Let L be a maximal normal sub- 
group of H and M = H/L the corresponding simple group. By Lemma 1, 19 
divides IMI. The only candidates for M {using the classification theorem 
for finite simple groups) are U,(8) and L,(19), of orders 29.34.7.19 and 
22 32 5 19 
ff Ml G3(8) then L= 1 since o(2) = 18, o(3) = 18 and o(5) = 9 (mod X9), 
showing that M cannot act on an elementary abelian p-group and, 
although the multiplier of U,(8) has order 3, the elements of order 19 in E 
are self-centralizing. Hence N= U,(8) in this case. The characters of E 
restrict to U,(8), and U,(8) probably is a subgroup of E, but 
IA,(2A, 3A, 19A)I = 0 when H= U,(8). 
Finally, there is only one conjugacy class of elements of order 3 in L,(19) 
and these have cube roots in L,( 19) whereas the elements in the class 3A in 
E have no cube roots. Hence H= E and E is rationally rigid. 
3.10. FiZ3, Fi~cher~~ Green ofOrder 2”8.3”3.52.7.11.13.17.23 
Fi,, has no outer automorphisms and among the many candidate triples 
is 2A, 2’8.3g.52.7.11.13; 12D, 25.34 (782,(x)= -3, XE 12D); 17A, 17. 2A 
is the conjugacy class of 3-transpositions in Fi,,. 
Let H= (x, y, z 1 XE~A, ye 12A, ZE 17A, xyz = 1). Since o(3) = 16 
(mod 17), H is not a soluble group. Hence H involves a simple group L 
with 17 dividing /El dividing IFi,,/. The only possibilities for L with their 
orders (using the c~assi~cation f finite simple groups) apart from Fi,,, are 
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&(2) = O,(2) 2’6.35.52.7.17 
L,(16) 212 3* 5*.7.13.17 . . 
L,(4) 2’* 34 5* 7 17 . . . . 
0, (2) 2’2.34.5.7.17 
L2(16) 24.3.5. 17 
Ldl7) 24.32. 17 
Since the elements in 17A are self-centralizing in Fi,,, H has a normal 
subgroup K with H/K 6 Aut(L) and H/K a group generated by a conjugacy 
class of 3-transpositions. By Fischer’s classification theorem [6], L = A,, 
U,(2), S,,(2), O&(2), O,(3), Fi,,, Fi,, or Fi;,. Hence the only candidates 
for L are S,(2) or O,(2). Since o(2)= 8, o(3)= 16 (mod 17) and the 
elements in 17A are self-centralizing in Fi,,, L < Fi,,. 
The smallest degree character 782, of Fi,, restricts uniquely to S,(2) as 
1.+51,+135,+595, and to O,(2) as 1.+51..+84,+595,. The values 
of 782, on elements of order 3 in S,(2) and 0; (2) are - 1, 26, 26 and - 1, 
and, - 1, 26 and - 1, respectively. However x E 120 implies x4 E 3B in Fi,, 
and 782,(x4) = 53. Hence the only possibility is H = Fi,,, and Fi,, is 
rationally rigid. 
3.11. Co,, the Simple Group of Conway, of Order 22’.39.54.72.11.13.23 
Co,, the central factor group of the full group of automorphisms of the 
Leech lattice, has no outer automorphisms and there are at least 147 can- 
didate triples of conjugacy classes including 3A, 213. 3’. 5*. 7.11.13; 4F, 
21°. 3.5; 35A, 5.7. The 24 conjugacy classes of maximal subgroups of Co, 
have been determined by R. A. Wilson [ 131 and are listed below in order 
of increasing index. 
Subgroup 
co2 
3’Suz: 2 
2”: M,, 
co3 
2$“8’0,‘(2) 
U,(2): s3 
(A4 x G2W2 
22+ 12: (A8 x S,) 
24+12’(S3x3’&) 
3*’ U,(3). D, 
3? 2M,, 
Index 
98280=23.33.5.7.13 
1545600=27.3.52.7.23 
8292375 = 36.53.7.13 
8386560= 2” 32 5 7 13 . . . . 
34.52.7.11.13.23 
25.32.53.7. 13.23 
26.35.52.7.11.23 
36.53.7.11.13.23 
35.53.72.11.13.23 
21’.3.53.7.11.13.23 
2’4.53.72. 13.23 
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(A, x J,): 2 
3y4: 2u4(2).2 
(A6 x U,(3)): 2 
33+4: 2(S4 x S,) 
A,xS3 
(A, x L,(7)): 2 
32.[2.36].2A4 
(DK,x(AsxA,).~).~ 
3*. [23.34].2A4 
5y*: GL,(5) 
53: (4 x A,).2 
5*: 4AS 
7*: (3 x 2A,) 
211.35.5.7.11.13.23 
2’3.53.72.11.13.23 
212.34.53.7.11.13.23 
214.54 7* 11 13 23 . . . .
214.34.53.7.11.13.23 
214 36 53 11 13 23 . . . . . 
217.54.72.11.13.23 
2r4.3’.5.7*.11.13.23 
215.32.54.72.11.13.23 
216 38 7* 11 13 23 . . . . .
2’63872 11 1323 . . . . . 
2l’ 38 5 7* 11 13 23 . . . . . . 
2’8.37.54.11.13.23 
Let H = (x, y, z 1 x E 3A, y E 4F, z E 35A, xyz = 1). By Lemma 1, since 
(3,4) = (4,35) = (3, 35) = 1, H is perfect. Of those maximal subgroups of 
order divisible by 35, Co,, ~‘SUZ, 2”: M,,, Co,, 2r++8’0,‘(2), U,(2), 
G,(4), A,, U,(3) and A, contain no elements of order 35. Hence 
H< A, xJ2, A, x U,(3) or A, x L,(7) or H= Co,. Since none of the 6 fac- 
tors contain elements of order 35, H = Kx L with K, L # 1 and thus the 
elements of order 3 are diagonal. However, A, x J,, A, x U,(3) and 
A, x L,(7) contain no diagonal elements which lie in 3A in Co,. This may 
be shown by restricting the character 276, of Co, to the three subgroups. 
276, restricts to A5xJ2 as 3.@10+3b@la+3.@14,+3b@146+ 
1, @ 42, + 4,@ 36,. The diagonal 3’s belong to classes 3B and 30 in Co r. 
276, restricts to A,x U,(3) as 1,@21,+5,@210+ 10,@14,+ lO,@l,. 
The diagonal 3’s belong to classes 3B, 3C, 30 and 30 in Co,. 276, restricts 
to A, XL,(T) aS 1,01,+ 1.08,+6,06,+6,06,+ 10,03,+ 
lo,@ 3, + 15,O 1, + 15, @ 8,. Both classes of diagonal 3’s belong to class 
30 in Co,. 
Hence H = Co, and Co, is rationahy rigid. 
3.12. Fi;,, the Derived Group of the Largest of the 3-Transposition Groups 
of Fischer of Order 22’.316.52*73.11.13.17.23.29 
Fi$ contains 4 pairs of rational conjugacy classes interchanged by outer 
automorphisms 121, 12J, 25.33; 24C, 240, 23.32; 27B, 27C, 34; 36A, 36B, 
24.33. These yield 6 candidate triples but for none of these is it obvious that 
the elements generate Fi;,. However, Fi;, . 2 = Fi,, contains at least 97 can- 
didate triples including 29A, 29; 2C, 218.313. 5 7.11.13.17.23; 8D, 2’. 3.5. 
Let H= (x,y,z 1 x~29A, y~2C, 2~80, xyz= 1). 0(2)=28, 0(3)=28 
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(mod 29) hence the largest soluble subgroup of Fi,, of order divisible by 29 
is 29: 28. Also, the only simple group K with 29 dividing IKj dividing IFis 
is L,(29). Since the elements in 29A are self-centralizing in Fi,,, H = Fi,, or 
H< Aut(L,(29)). However, Aut(L,(29)) contains no elements of order 8, 
thus H = Fi,, , and Fi,, = Fi;, : 2 is rationally rigid. 
3.13. F2=BM, the Baby Monster of Fischer, of Order 214.3’3.56.72.11.13. 
17.19.23.31.47 
BM has no outer automorphisms and contains at least 79 candidate 
triples of conjugacy classes including 2C, 227.36.52.72. 13.17; 3A, 
218.310.52.7.11.13;55A, 5.11. 
Let H=(x,y,z(x~2C, y~3A, z~55A, xyz=l). Since (2,3)= 
(2, 55) = (3,55) = 1, H is a perfect subgroup of BM. If H is not BM then H 
has a factor group L which is either A, = (x, y 1 x2 = y3 = (xy)‘) = 1) or is 
a simple group with 11 dividing IL1 dividing IBMI. The candidates for L 
are L2U1), L2W, WI, L,W, Ml,, 4, M,,, M23? U,(2), AlI, HS, A,,, 
M24y Ma Al,, u6t2h A14, SUZ, cO3, &, A16, oi$h CO,, Fi,,, h7, 
b(4), F, A1sr Oll(2h A,,, A,,, Fi,,, Co,, O&(2), O&2), and 2E6(2). 
No~L=(~,~,~~X~=~~=Z~=l,X~Z=l),wherea=llor55or5.If 
a = o(Z) = 55 then L can only be A,,, Al,, AIs, Al,, A209 O,,(2), O:,(2) or 
O,(2) since the other groups do not contain any elements of order 55. A,, 
is not involved in BM since BM contains no elements of order 63. The 
orthogonal groups contain elements of order 51, hence they are also not 
- - involved in BM. Thus L decomposes as A, x K, where K= (2, y, z I x2 = 
j3 =,i?’ = 1, XyZ= 1). The A, lies in C,,(W), W” = 1, and for this A,, 
C&A,)= M2,.2. Thus H< A, x M,,, or H= BM since His perfect. The 
character of BM 4371, restricts to the group S, x M,,.2 as 1, @(lb +21,) 
+l, 0 154, + 6, 0 (556 + 99,) + 4, @ (l,, + 21, + 556) + 4, @ 
231, + 5, 0 (1, + 21, + 154,) + 5, 0 (21, + 231,) and the value on 
the diagonal involutions in A, x M,, is 19, placing them in class 20 in BM. 
Hence H = BM, and BM is rationally rigid. 
3.14. M = F,, the Monster Simple Group of Fischer and Griess, of Order 
246.320.59.76.112.133.17.19.23.29.31.47.59.71 
M has no outer automorphisms and contains 2 conjugacy classes of 
involutions and 3 conjugacy classes of elements of order 3. 
2A,242.313.56.72.11.13.17.19.23.31.47 
2B 246.39.54 72 11 13.23 . . . 
3A:221.3L7.52.73.11.13.17.23.29 
3B,2’4.320.52.7.11.13 
3c 215 3” 53 72 13 19 31 ) . . . . . . 
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The involutions are said to be of Baby Monster and Conway type and 
the 3 elements of Fischer, Suzuki, and Thompson type since the structure 
of the centralizers are 2’BM, 2’+24.Co,, 3’Fi;,, 31+12.2’Suz and 3xE, 
respectively. 
M contains 7 candidate triples consisting of an involution, a conjugacy 
class of elements of order 3 and a third rational conjugacy class. They are: 
2A; 3B; 40B, 26.5 
2A; 3B; 56A, 24. 7 
2A; 3C; 52A, 23. 13 
2A; 3C; 52B, 22. 13 
2A; 3C; 38A, 22. 19 
2B; 3A; 57A, 3.19 
2A; 3B; 29A, 3.29 
The argument below showing that A4 is rationally rigid with respect to 
the triple 2A, 3B, 29A is based on that in Thompson’s paper [9], and is 
included here for completeness. 
Let H=(x,y,z(x~2A, ye3B, z~29A, xyz=l). By Lemmal, since 
(2,3) = (3,29) = (2,29) = 1, H is a perfect subgroup of M. Suppose L is a 
maximal normal subgroup of H and S = H/L then, by Lemma 1 again, 29 
divides JSI divides IMI. By the classification of finite simple groups, 
sS&(29), L,(%), Rv, Fi;,, or A4. The involutions in class 2A in A4 are 
{ 3,4, 5, 6}-transpositions, that is, o(xy) d 6 for all x, y E 2A. The conjugacy 
classes of involutions in L,(29), L,(59), and Rv are not {3,4, 5, 6}-trans- 
positions, thus, by Lemma 1, S is not L,(29), L,(59), or Ro. 
Now H is not Fi;, since the character 196883, of M does not restrict to 
Fi;,. Hence if Sr Fi;,, L# 1. Now 0(2)=28, 0(3)=28, o(5)= 14, and 
o(7) = 7 (mod 29) and IEl 6 224 for every elementary abelian 2-subgroup of 
A4, together with JC,(x)l = 3.29, x~29A shows that H= 3’Fi;, or H= M. 
If H= 3’Fi;, then H = C,(U), UE 3A. Consider a particular triple XE 2A, 
y E 3B, z E 29A, xyz = 1 then x(yu)(u-‘a) = 1. Since u E Z(H), o(u-‘z) = 87 
and o(yu) = 3. (A(2A, 3A, 87A)I = IA(2A, 3B, 87A)I =0 thus JWE 3C. 
Hence (y, u) contains at least 2 Suzuki elements, 2 Fischer elements, and 
2 Thompson elements. C,(yu)g 3 x E, and the character 196883, of A4 
restricts to 3xE as (1+o+ti)@1,+(w+O)@248,+(1+o+cT,)O 
4123, + l@ 30628, + 10 30875, + (o + W) 0 61256,. 196883,(x) = 782, 53, 
- 1 as x E 3A, 38, 3C in M, respectively. Thus the class 3A in E fuses to 3A 
in A4 and the classes 3B, 3C in E fuse to 3B in M. However, 
196883Jux) = - 1 when x E 3A, 3B, or 3C in E, i.e., UXE 3C in M. Thus 
every elementary abelian subgroup of order 9 in A4 contains 0 or 6 
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Thompson elements howing H is not 3’Fi;,. Thus we have shown H = A4 
and the Monster simple group is rationally rigid. 
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